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We analyze the spetral properties of squeezed light produed by means of pulsed, single-pass
degenerate parametri down-onversion. The multimode output of this proess an be deomposed
into harateristi modes undergoing independent squeezing evolution akin to the Shmidt deompo-
sition of the biphoton spetrum. The main features of this deomposition an be understood using
a simple analytial model developed in the perturbative regime. In the strong pumping regime,
for whih the perturbative approah is not valid, we present a numerial analysis, speializing to
the ase of one-dimensional propagation in a beta-barium borate waveguide. Charaterization of
the squeezing modes provides us with an insight neessary for optimizing homodyne detetion of
squeezing. For a weak parametri proess, eient squeezing is found in a broad range of loal
osillator modes, whereas the intense generation regime plaes muh more stringent onditions on
the loal osillator. We point out that without meeting these onditions, the deteted squeezing an
atually diminish with the inreasing pumping strength, and we expose physial reasons behind this
ineieny.
PACS numbers: 42.50.Dv, 03.67.-a
I. INTRODUCTION
Squeezed states of the radiation eld are those in whih
the eld utuations in one of the quadratures are re-
dued below the vauum noise level. They were among
the rst nonlassial states of light generated experimen-
tally [1, 2℄ in the 1980s, and were onsidered promising as
a way of overoming the shot-noise preision restritions
in optial measurements [3℄ and enhaning the apaity
of ommuniation hannels [4℄. Nowadays, the interest
to generate squeezed light is mainly due to its applia-
bility in quantum information and ommuniation. In
this ontext it is viewed primarily as a means of gener-
ating quadrature entanglement [5℄, a valuable resoure
that an be applied, for example, for quantum telepor-
tation [6℄, omputation [7℄, ryptography [8℄ and manip-
ulation of atomi quantum states [9℄. There has been
also a theoretial eort towards developing protools for
the ontinuous-variable error orretion [10, 11℄ and en-
tanglement puriation [12℄. Furthermore, operations
that enable entanglement distillation in the ontinuous-
variable domain have been desribed [13℄.
The present paper onentrates on one experimental
method for produing optial squeezing, namely an opti-
al parametri amplier (OPA), implementing degener-
ate parametri down-onversion in a single-pass, pulsed
onguration. A strong pump pulse propagating through
a nonlinear rystal generates pairs of down-onverted
photons. The idealized experimental arrangement would
be suh that the photons in eah generated pair are
ompletely indistinguishable and ontribute to the same
spatio-temporal mode of the generated eld. A ombina-
tion of a high pump pulse energy and high optial non-
linearity leads to multiple pair reation events, whih an
be desribed in the Heisenberg piture as a linear trans-
formation between the eld operators at the input aˆin
and the output aˆout of the amplier:
aˆout = aˆin cosh ζ + aˆ
†
in sinh ζ. (1)
When the initial state of the eld is vauum, the above
equation denes a squeezed state with the degree of
squeezing ζ, orresponding to the mean square quadra-
ture noise saling fator equal to e−2ζ . A ruial as-
sumption underlying Eq. (1), frequently used in theoret-
ial works, is that all the down-onverted photons are
emitted to a single mode desribed by the annihilation
operator aˆout. However, this does not orrespond to a
realisti experimental situation.
In an experiment, pulsed squeezed light was realized
for the rst time by Slusher et al. [14℄ and has sine been
reprodued and improved by a number of researhers
[15, 16, 17, 18, 19℄. In all these experiments, a pulsed
laser is rst frequeny doubled and then undergoes para-
metri down-onversion in a spatially- and spetrally-
degenerate type I onguration. The generated optial
state is then haraterized by means of homodyne de-
tetion. In ontrast to the ontinuous-wave regime, the
pulsed squeezed mode does not assoiate with a sideband
of the arrier wave, but is loalized within the tempo-
ral frame of the pump laser pulse [20℄. This appealing
feature is however ompromised by a omplex spetral
struture of the generated photon pairs. In single-pass
down-onversion, biphotons are emitted not neessarily
into a partiular mode, but into a wide range of modes
restrited only by the energy-onservation and phase-
mathing onditions. The usual absene of a dominant
spatio-temporal mode an lead to diulties when we at-
tempt to observe quantum interferene of the generated
squeezed vauum with other lassial or nonlassial op-
tial states. The negative eets range from eieny
2redution in homodyne detetion to extra dark ounts in
single photon measurements.
The present paper is dediated to studying the spetral
mode of the pulsed squeezed state. A partiular question
we aim to answer is the following: an we dene a parti-
ular mode in whih high-eieny squeezing is ahieved?
Are there methods to engineer this mode and what are
the most eient ways to aess it in homodyne mea-
surements? The arguments given in the previous para-
graph may lead one to believe that there is no mode in
whih high-eieny squeezing is present. Surprisingly,
we demonstrate just the opposite: we nd modes in whih
pure squeezed states are generated, and also a whole on-
tinuum of their phase-loked superpositions turns out to
beome eiently squeezed. In fat, good squeezing is
present in a broad, ontinuous range of pulsed modes
that are temporally synhronized with the pump.
The basi theoretial tool in our analysis will be
the Bloh-Messiah redution of an arbitrary Bogoliubov
transformation of bosoni eld operators [21℄. This pro-
edure will allow us to identify a set of independent
squeezing modes whose evolution takes a simple form
analogous to Eq. (1). Suh a deomposition results di-
retly from the preservation of the ommutation relations
between the eld operators in ourse of the parametri
evolution. This fat allows us to apply the numerial
tehnique of singular-value deomposition to integral ker-
nels desribing the transformation of the eld operators,
whih provides eetive means to analyze a realisti para-
metri amplier. The deomposition into independent
squeezers has been given previously by Bennik and Boyd
[22℄, who dedued it using intriate operator algebrai
methods [23℄.
As a physial example, we analyse one-dimensional
propagation in a beta-barium borate (BBO) rystal serv-
ing as a model of a waveguide amplier. The nonlin-
earity of a BBO rystal has an instantaneous harater
[24℄, as this medium is transparent from infrared to ul-
traviolet and we nd that the downonversion spetrum
is limited by the dispersion aross the signal frequen-
ies. This diers from the example studied in Ref. [22℄
whih assumed noninstantaneous seond-order nonlinear-
ity leading to limited downonversion spetrum, while
the dispersion within the bandwidth of down-onverted
frequenies was negleted. Also, we disuss in detail the
perturbative regime of weak onversion eieny whih
provides intuitive insights into the struture of squeezing
building on previous results obtained for spetral two-
photon wave funtions [25, 26, 27℄. We also show that
the harateristi squeezing modes of a parametri ampli-
er provide a general answer to the question of optimiz-
ing the loal osillator shape in homodyne measurements
[28, 29℄.
This paper is organized as follows. In Se. II we give
theoretial foundations of the deomposition used to ana-
lyze the struture of squeezing in the parametri proess.
Then in Se. III we disuss the weak pumping regime with
a low pair reation probability per pulse and show that
the squeezing modes are dened primarily by the mate-
rial dispersion oeients. The general ase of strong
pump elds whih needs to be solved numerially is ad-
dressed in Se. IV. The onsequenes of the multimode
harater of the output eld for homodyne detetion are
studied in detail in Se. V. Finally, Se. VI onludes the
paper.
II. GENERAL MODEL OF AN OPA
The subjet of our analysis is one-dimensional propa-
gation of an optial eld through a nonlinear medium in
whih three-wave mixing takes plae. For simpliity and
speiity, we will fous here on the one-dimensional ase
that an be realized in non-linear waveguides [30℄, whih
reently have beome available ommerially. The one-
dimensional ase nevertheless inludes all the omplexi-
ties of multimode propagation in the spetral degree of
freedom, and the generalization of the formalism intro-
dued here to the full three-dimensional ase is straight-
forward.
If the pump eld is strong enough to neglet its deple-
tion as well as utuations, the propagation equations in
the Heisenberg piture beome linear in the signal eld.
Following the standard nonlinear optis desription of the
evolution of the elds with respet to the distane overed
rather than time, we shall adopt the modal deomposi-
tion of the eletri eld operator in the form
Eˆ(z, t) = i
∫
dω
2π
√
h¯ω
2ǫ0
√
n(ω)
e−iωtaˆ(ω; z) +H.. (2)
where ǫ0 is the permittivity of the vauum, n(ω) is the
refrative index of the medium at a given frequeny and
polarization diretion, aˆ(ω; z) is the annihilation oper-
ator of a monohromati mode at a given propagation
stage indiated by z. We have negleted the dependene
of the eld on transverse oordinates, as we onentrate
here on the one-dimensional ase of a waveguide. The
quantization of the lassial propagation equations of the
three-wave mixing problem [31℄ is done by a formal sub-
stitution of lassial amplitudes by eld operators. This
yields a rst-order dierential equation for annihilation
operators aˆ(ω; z) of the form:
∂aˆ(ω; z)
∂z
= ik(ω)aˆ(ω; z) (3)
+
1
LNLE0
∫
dω′ eikp(ω
′+ω)zEp(ω
′ + ω)aˆ†(ω′; z)
where the rst term on the right-hand side represents
the free propagation of the eld in the medium, while the
seond one represents nonlinear interation. In the above
expression, Ep(ω) is the spetral amplitude of the pump
eld at the point z = 0, whih is hosen half-way through
the waveguide of a total length L, ωp is the entral fre-
queny of the pump spetrum, k(ω) and kp(ω) are the
3signal and the pump eld wavevetors, respetively, and
we resaled the spetral amplitude of the pump eld by
introduing E0 =
∫
dωEp(ω). For all alulations in this
paper, Ep(ω) is assumed real and positive, i.e. the pump
pulse is prepared so that in the middle of the waveguide
it is not hirped.
With this hoie, the multipliative onstant LNL is the
harateristi length of the nonlinear interation dened
as
1
LNL
=
ω2p deffE0
8c2k(ωp/2)
, (4)
where deff is the eetive nonlinearity oeient for the
given polarization diretions in the medium and ωp/2 is
assumed to be the entral frequeny of the signal eld.
When introduing LNL, we assumed that the frequeny
dependene of deff ombined with the normalization fa-
tors in the modal deomposition given in Eq. (2) yields
a onstant whose hanges over the bandwidth of the sig-
nal eld an be negleted. The physial interpretation of
LNL is that when the signal eld is restrited to a single
frequeny mode and no phase mismath with the pump
eld is present, LNL is the length over whih the mini-
mum and the maximum RMS quadrature noise sales by
e. This orresponds to the single-mode degree of squeez-
ing introdued in Eq. (1) equal to ζ = L/LNL. Let us
note that 1/LNL is proportional to the pump pulse am-
plitude, whih we will further refer to as the pumping
strength.
It is instrutive to reast Eq. (3) into a standard form
whih allows us to ompare dierent quantum mehani-
al pitures of the evolution of a system. Expliitly, the
development of the eld operators desribed by Eq. (3)
an be written as:
∂aˆ(ω; z)
∂z
= i[Hˆ, aˆ(ω; z)] (5)
where the operator Hˆ , formally equivalent to the Hamil-
tonian governing the evolution of the system, is given
by a sum of two terms Hˆ = Hˆ0 + Vˆ (z). The rst term
generates linear propagation:
Hˆ0 = −
∫
dω k(ω)aˆ†(ω)aˆ(ω) (6)
while the seond term is responsible for the three-wave
mixing proess:
Vˆ (z) =
1
2LNLE0
∫
dωdω′ (7)
×[ieikp(ω′+ω)zEp(ω′ + ω)aˆ†(ω)aˆ†(ω′) + H.c.].
The evolution of the quantum state of light while prop-
agating through the rystal an in priniple be evalu-
ated in the interation piture by integrating over z the
term Vˆ (z). This is however highly ompliated beause
the Hamiltonian (7) is position-dependent and generally
does not ommute with itself at dierent values of z.
Consequently, the evolution operator needs to be appro-
priately ordered in its expansion in Vˆ (z). As we disuss
in the next setion and in the Appendix, this ordering an
sometimes be negleted and deomposition into squeez-
ing eigenmodes an be performed eiently using the
interation piture. The general ase is however best de-
sribed using the Heisenberg piture approah.
As the propagation equation given in Eq. (3) is linear
in the eld operators, for any given waveguide length L
we an nd Green funtions C(ω, ω′) and S(ω, ω′) that
transform the input eld operators ain(ω) ≡ a(ω;−L/2)
into output eld operators aout(ω) ≡ a(ω;L/2) aording
to:
aˆout(ω) =
∫
dω′[C(ω, ω′) aˆin(ω′) + S(ω, ω′) aˆin †(ω′)].
(8)
The above Bogoliubov transformation an be brought
into a anonial form by applying the Bloh-Messiah re-
dution [21℄ whih we will now briey review. The rele-
vant mathematial tool is the singular value deomposi-
tion applied to the Green funtions C(ω, ω′) and S(ω, ω′).
Beause the output annihilation operators must satisfy
anonial ommutation relations, the funtions C(ω, ω′)
and S(ω, ω′) are onneted through a number of rela-
tions. In partiular, the singular value deompositions
of both C(ω, ω′) and S(ω, ω′) an be represented using
a shared set of parameters and funtions. The expliit
formulas have the following form:
C(ω, ω′) =
∞∑
n=0
ψ∗n(ω) cosh ζn φn(ω
′)
S(ω, ω′) =
∞∑
n=0
ψ∗n(ω) sinh ζn φ
∗
n(ω
′) (9)
where φn(ω) and ψn(ω) are two orthonormal bases and ζn
are real nonnegative parameters. The existene of suh
a joint deomposition allows us to introdue two sets of
operators for input and output modes, dened aording
to
bˆinn =
∫
dω φn(ω)aˆ
in(ω)
bˆoutn =
∫
dω ψn(ω)aˆ
out(ω) , (10)
where bˆinn and bˆ
out
n are the orresponding annihilation
operators whih satisfy the standard ommutation rela-
tions. Consequently, we an reast the general transfor-
mation given in Eq. (8) into a simple form of single-mode
squeezing transformations ating in parallel on orthogo-
nal modes:
bˆoutn = cosh ζn bˆ
in
n + sinh ζn bˆ
in †
n , (11)
bringing us bak to the elementary expression given in
Eq. (1).
Sine any linear transformation of the form given in
Eq. (8) an be deomposed into orthogonal modes whih
4FIG. 1: Pitorial representation of the Bloh-Messiah theo-
rem. Any Bogoliubov transformation of input modes aˆinn into
output modes aˆoutn an be deomposed into a passive trans-
formation U = φn from modes aˆ
in
n into bˆ
in
n followed by inde-
pendent squeezers with gains Gn and another passive trans-
formation V = ψ∗n from bˆ
out
n into aˆ
out
n .
undergo independent evolution, the above proedure,
summarized graphially in Fig. 1, an be applied to any
ombination of proesses suh as linear optis, optial
ampliation, and Kerr squeezing. Were we able to sep-
arate modes ψn(ω) spatially, we ould turn a realisti
parametri amplier into a generator of multiple pure
squeezed states [32℄.
Let us note that the proedure of singular value deom-
position applied above is formally equivalent to Shmidt
deomposition of a quantum state of a bipartite system.
In the next setion and in the Appendix, this equiva-
lene will allow us to onnet the general deomposition
to previous treatments of parametri down-onversion in
the perturbative regime.
One interesting feature of the squeezing eigenmodes is
that for real Ep (i.e. the pump pulse in the middle of the
waveguide is not hirped or its hirp is insigniant),
ψn(ω) = φ
∗
n(ω). (12)
This is proven by notiing the symmetry of Eq. (3) with
respet to the point z = 0. Indeed, it an be rewritten
as follows:
∂aˆ(ω; z)
∂(−z) = −ik(ω)aˆ(ω; z) (13)
− 1
LNLE0
∫
dω′ e−ikp(ω
′+ω)(−z)Ep(ω
′ + ω)aˆ†(ω′; z),
whih an be formally interpreted as reverse propagation
of the quantum eld from −z = −L/2 to −z = L/2.
Integrating Eq. (13) between these two points we write,
by analogy with Eq. (8):
aˆin(ω) =
∫
dω′[C˜(ω, ω′) aˆout(ω) + S˜(ω, ω′) aˆ† out(ω)],
(14)
where the supersripts in and out refer, as previously
dened, to the points z = −L/2 and z = L/2, re-
spetively. Comparing Eqs. (3) and (13), we establish
a simple relation between the Green funtions of di-
ret and reverse propagation: C˜(ω, ω′) = C∗(ω, ω′) and
S˜(ω, ω′) = −S∗(ω, ω′). Deomposing the latter aord-
ing to Eq. (9)
C˜(ω, ω′) =
∞∑
n=0
ψn(ω) cosh ζn φ
∗
n(ω
′)
S˜(ω, ω′) =
∞∑
n=0
ψn(ω) sinh(−ζn)φn(ω′), (15)
we nd, in addition to (10), another set of propagation
eigenmodes
ˆ˜binn =
∫
dω ψ∗n(ω)aˆ
in(ω)
ˆ˜
boutn =
∫
dω φ∗n(ω)aˆ
out(ω) (16)
with harateristi squeezing parameters ζn. Assuming
that all ζn are unequal (whih is typially the ase as we
show below), the Bloh-Messiah deomposition is unique,
and we onlude that
ˆ˜binn = bˆ
in
n and
ˆ˜boutn = bˆ
out
n , whih
leads to Eq. (12). In the time domain, this identity or-
responds to the output modes being the time reversal of
the input.
Finally, let us point out that the deomposition given
in Eq. (9) has important impliations when onsidering a
parametri amplier seeded with a oherent pulse. The
reason for seeding the parametri amplier is to impose
a mode in whih the majority of the output photons is
generated, thus overwhelming emission to other modes
whose ontents an be negleted as an unimportant bak-
ground [33℄. Eq. (11) indiates that the output of the
parametri amplier will ontain a pure squeezed oher-
ent state in a single mode if the seeding oherent state o-
upies one of the harateristi input modes φn(ω). If the
seeding pulse is in superpositon of many modes φn(ω),
under the ation of the parametri amplier it will gener-
ate multiple squeezed oherent modes, in priniple eah
one of dierent intensity and squeezing parameter. The
deomposition in Eq. (9) provides one with harateris-
ti pulse proles φn(ω) whih are optimal for seeding the
amplier.
III. SINGLE PAIR GENERATION REGIME
In a general ase, the equations of motion for the eld
operators speied by Eq. (3) an be solved only by nu-
merial means. Before we resort to numerial methods,
we will disuss in this setion an approximate solution to
the problem in the weak onversion limit, when only the
rst order of the perturbation theory is relevant. This is
indeed the ase if the nonlinear interation length LNL is
muh greater that the rystal length L, thus keeping the
squeezing weak. This approah will give us intuitive in-
sights into the struture of the output eld, and will help
us to identify parameters relevant to its haraterization
in the arbitrary ase.
5The rst order approximation to Eq. (8) an be ob-
tained most easily by substituting
aˆ(ω; z) = exp(ik(ω)z) aˆI(ω; z) (17)
into Eq. (3), then integrating it over z and retaining
terms up to rst order in L/LNL. This proedure yields
an expression for aˆ(ω;L). Using this result we nd the
approximate Green funtions in the form:
C(ω, ω′) = δ(ω − ω′)eik(ω)L (18)
S(ω, ω′) =
LEp(ω + ω
′)
LNLE0
ei[k(ω)−k(ω
′)]L/2 sinc
L∆k
2
(19)
where
∆k = kp(ω + ω
′)− k(ω)− k(ω′) (20)
is the phase mismath between the pump and the pair of
down-onverted photons.
In most ases it is suient to expand ∆k up to the
seond order in deviations from the respetive entral
frequenies. Then the approximate expression for the
phase mismath takes the form:
∆k ≃ (β1,p − β1)(ω + ω′ − ωp)
−1
2
β2
(
(ω − ωp/2)2 + (ω′ − ωp/2)2
)
+
1
2
β2,p(ω + ω
′ − ωp)2, (21)
where
βn =
dnk(ω)
dωn
∣∣∣
ω=ωp/2
(22a)
βn,p =
dnkp(ω)
dωn
∣∣∣
ω=ωp
(22b)
are dispersion oeients for the pump and the signal
elds. The oeients relevant to our analysis are: the
dierene of inverse group veloities β1,p − β1 and the
group veloity dispersion oeients β2 and β2,p. The
phase term ei[k(ω)−k(ω
′)]L/2
in Eq. (19) arises form the
free propagation of the squeezed eld in the waveguide.
Physially, performing the expansion up to the rst
order in L/LNL means onsidering only generation of
single photon pairs. The spetral properties of single
photon pairs generated by ultrashort pulses have been
extensively studied in the ontext of quantum indis-
tinguishability in two-photon interferene experiments
[25, 26, 27, 34℄. The basi entity in those studies is the
two-photon wave funtion Ψ(ω, ω′) = 〈1ω, 1ω′ |Ψout〉 de-
sribing the probability amplitude of generating a pair of
photons with frequenies ω and ω′. In the Appendix, we
relate this wave funtion to the Green funtion S(ω, ω′)
through a simple formula:
Ψ(ω, ω′) = S(ω, ω′)eik(ω
′)L. (23)
FIG. 2: Gaussian approximation of the Green funtion
S(ω,ω′), given in Eq. (19) by a produt of the pump spetral
amplitude and the phasemathing funtion. The rst fator is
nonzero on a wide strip entered around the ωs+ωi = ωp line.
The seond fator is nonzero on a strip lying along the∆k = 0
line, whih is approximately paraboli and tangent to the line
ωs + ωi = ωp at the point (ωp/2, ωp/2). Thus the produt
S(ω,ω′) is nonzero on a strip ariound the ωs + ωi = ωp line
and extending to points where the phasemathing funtion
goes o the pump spetral amplitude.
In other words, the eigenmodes of pulsed squeezing are
losely related to the eigenmodes of the Shmidt deom-
position of a biphoton spetrum originally found by Law
et al. [27℄.
Identity (23) suggests a Gaussian approximation simi-
lar to that applied in the analysis of the two-photon wave
funtion [35℄, whih will yield a singular value deomposi-
tion in a losed analytial form. For this purpose, let us
assume that the quadrati form of the Gaussian whih
approximates Eq. (19) has the prinipal axes given by
ω − ω′ = 0 and ω + ω′ = ωp, and seek an expression of
the form:
SG(ω, ω
′) =
√
2N
πδ∆
ei[k(ω)−k(ω
′)]L/2
× exp
[
− (ω + ω
′ − ωp)2
2δ2
− (ω − ω
′)2
2∆2
]
(24)
In order to nd the unknown oeients in the above
formula, let us take a Gaussian pump pulse of duration
τp:
Ep(ω) ∝ exp
[
−τ
2
p
2
(ω − ωp)2
]
. (25)
We insert the expansion given in Eq. (21) into Eq. (19),
apply the following approximations to the sin funtion
along the axes ω − ω′ = 0 and ω + ω′ = ωp:
sincx ≈ e−x2/5, sinc(x2) ≈ e−x2/3, (26)
6and ompare Eq. (19) after all these approximations with
Eq. (24) along the prinipal axes. This yields:
1
δ2
≈ τ2p +
L2
10
(β1 − β1,p)2 (27a)
1
∆2
≈ 1
12
Lβ2 (27b)
N =
∫
|SG(ω, ω′)|2dωdω′ = L
2
4L2NL
τ2p δ∆ (27)
The meaning of these parameters is depited in Fig. 2.
Typially [36℄, δ ≪ ∆ and onsequently the bandwidth
of the downonverted light is approximately proportional
to ∆. In the partiular ase of type I phasemathing
this bandwidth is limited mostly by the group veloity
dispersion β2 at signal frequenies. Note that, in on-
trast, the dierene between the group veloities at the
pump and the signal frequenies β1−β1,p sets no limit on
the downonversion spetrum. The seond relevant fre-
queny sale is set by the parameter δ whih haraterizes
the width of the spetral orrelation between photons in
pair. This width is limited by the pump pulse bandwidth
and the group veloity dierene β1 − β1,p. Also, let us
note that the Green funtion S(ω, ω′) is not normalized,
and its ontribution is impliitly assumed to be small, of
the order L/LNL, as ompared to that of C(ω, ω
′). The
normalization onstant N of SG(ω, ω
′) given in Eq. (27)
is equal to the total number of photons per pulse emitted
by the downonversion soure.
Sine in general ∆ and δ are dierent, one annot sim-
ply fatorize S(ω, ω′) and dene a single mode into whih
photon pairs are emitted. If the signal and idler pho-
tons were nondegenerate, one would all suh a spetrum
entangled; this denition is however inappliable to the
present situation beause the two elds annot be sepa-
rated using another degree of freedom. With the Gaus-
sian approximation in hand, let us now employ the sum-
mation formula used previously to nd the Shmidt de-
omposition of a bipartite Gaussian state [35, 37℄, whih
an be applied diretly to the Green funtion (24) in order
to nd its singular value deomposition. Reasting the
deomposition aording to the general expression spe-
ied in Eq. (9), we obtain that the squeezing parameters
ζn form a geometri sequene given by:
ζn ≈ sinh ζn =
√
N
cosh r
tanhn r (28)
with the parameter r = ln(∆/δ)/2, while the orrespond-
ing eigenmodes are desribed by the Hermite funtions:
e−ik(ω)L/2ψn(ω) = e
ik(ω)L/2φn(ω) (29)
=
Hn(ωτs)√
2nn!
√
τs√
π
e−τ
2
s (ω−ωp/2)
2/2,
with harateristi spetral width of all squeezing modes
being proportional to the inverse geometri mean of the
two spetral widths δ and ∆:
τs =
√
2
δ∆
. (30)
These expressions for the eigenmodes and the squeezing
parameters will serve as a referene when analyzing nu-
merial results in the nonperturbative regime presented
in the next setion.
As expeted, ψn(ω) = φ
∗
n(ω), and the modes' spetral
phases an be attributed to the linear dispersive propaga-
tion through the BBO rystal. The nonzero phase proles
are diult to handle experimentally. One might think
they an be made negligible by hoosing a suiently
long pump pulse so its dispersion an be negleted. This
is however not the ase beause the eigenmodes' hara-
teristi spetral width 1/τs is determined not only by δ,
but also by ∆. The magnitude ∆ is, in turn, determined
by the properties of the rystal rather than the pump
pulse and is usually large.
The fat that the phase proles of squeezing eigen-
modes depend on the rystal length has an interesting
onsequene. Suppose we prepare a partiular state of
light in a squeezing eigenmode binn (L) of a rystal of
length L and insert it into the rystal. After propagation
through the entire rystal, this state will undergo squeez-
ing and leave the rystal in the mode boutn (L). Now we
ask, what will be the state of light at the point z = 0
half way through the rystal? Propagation of light to
this point is equivalent to that through a rystal of length
L/2. The mode binn (L) is however not an eigenmode as-
soiated with this rystal; therefore, the state of light at
z = 0 annot be dened in any pure mode, but only as
an entangled state of many modes. We see that while
light enters and leaves the rystal in a pure optial mode
and state, inside the rystal all input modes temporarily
beome entangled with eah other.
IV. INTENSE GENERATION REGIME
In this setion, we disuss numerial solutions to the
propagation equation (3) in a general, not neessarily
perturbative regime. As a onrete example, we will
onsider type-I interation in a BBO rystal. We as-
sume that a waveguide is formed in a diretion of perfet
phase mathing for an interation of a 400 nm pump wave
with 800 nm signal waves (orresponding to the angle be-
tween the waveguide axis and the optial axis θ = 29.2o).
For this system, we have solved numerially Eq. (3) with
k(ω) and kp(ω) approximated by values for a bulk BBO
rystal, and a Gaussian pump eld given by Eq. (25).
Let us stress that in the alulations presented below we
use neither the rude Gaussian approximation of the sin
phasemathing funtion, nor are we limited to the rst
order auray in L/LNL. Nevertheless, the simple model
developed in the preeding setion will guide us through
general solutions.
As the propagation equation is linear in the strong
undepleted pump approximation, Eq. (3) is idential to
the lassial equation of motion for a pulse propagat-
ing through a waveguide, with the annihilation opera-
tors aˆ(ω; z) replaed by the spetral amplitudes of the
7eletri eld at respetive signal frequenies α(ω; z) [31℄.
Thus we an ompute numerially the matrix approxima-
tions to the Green funtions C(ω, ω′) and S(ω, ω′) using
the well-established in lassial nonlinear optis split-step
method for solving partial dierential equations. The
approximations are obtained by solving the propagation
equation for a omplete set of δ-funtion shaped initial
onditions where the lassial signal eld α(ω; z = −L/2)
is taken to be equal to zero everywhere on the omputa-
tional grid in the frequeny domain, exept for a single
point of the grid at whih it assumes 1 or i. When the
distinguished point orresponds to the frequeny ω′, solv-
ing the propagation equation with suh initial onditions
yields single olumns of the disretized Green funtions
C(ω, ω′) and S(ω, ω′). After alulating all the olumns
of the Green funtions, we omputed the singular-value
deompositions dened in Eq. (9) whih gives the desired
Bloh-Messiah redution.
We assessed whether the omputational grid was ne
enough to support all the modes with nonunit gain by
heking that the squeezing parameters for high-order
modes approah zero. Additional tests of omputational
auray onsisted in verifying that the singular values
of C(ω, ω′) and S(ω, ω′) are pairwise sinh and osh fun-
tions of the same real number, as stated in Eq. (9) and
that the alulated modes uphold the relation (12). Al-
though many modes are not inluded in our numerial
alulation, we argue that their squeezing is negligible,
thus the atual hoie of the mode funtions φn(ω) and
ψn(ω) representing them is unimportant.
Following the approah used in nonlinear optis, the
alulations were performed in the referene frame of
the down-onverted light, moving with the group veloity
1/β1. This orresponds to substituting
aˆ(ω; z)→ ei[β0+β1(ω−ωp/2)]z aˆ(ω; z) (31)
into the propagation equation given in Eq. (3). The mode
funtions φn(ω) and ψn(ω) will be given also in the mov-
ing referene frame. This redues to stripping the mode
funtions from the linear phase in the expansion around
ωp/2. Experimentally, the linear phase an be always
orreted by adjusting the temporal delay of the down-
onversion beam, whereas higher order phase terms lead
to pulse distortions requiring dispersion management.
In our numerial alulations we used a Gaussian pump
pulse of length τp = 24 fs (40 fs intensity FWHM) and the
waveguide length L = 1 mm. This orresponds to the in-
verse bandwidth of the downonversion light ∆−1 ≃ 4 fs
and the inverse of the spetral width of orrelations be-
tween the two photon in a pair δ−1 ≃ 50 fs. We will study
how the features of the down-onverted light depend on
the nonlinear interation length LNL.
We found that up to L/LNL = 15 (whih orre-
sponds to over 100 dB maximal quadrature squeezing)
the squeezing parameter of any squeezed mode is in-
versely proportional to nonlinear length with a spei
proportionality onstant. These values are depited in
Fig. 3. We note a substantial disrepany with the Gaus-
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FIG. 3: The resaled squeezing parameters LNLζn as a fun-
tion of the mode number, veried numerially to be indepen-
dent of LNL for L/LNL ≤ 15. Empty bars depit results of
the numerial omputation, while blak bars represent pre-
ditions of the Gaussian approximation.
sian model from Se. III, whih predits that the squeez-
ing parameters should follow a geometri sequene (28),
represented by a straight line in the semi-log sale plot
in Fig. 3.
The Gaussian approximation turns out to be muh
more suessful in prediting the shapes of the hara-
teristi squeezing modes. Partiularly in the weak pump-
ing regime, the numerially alulated input and output
modes φn(ω) and ψn(ω) for low n are almost idential to
the Hermite-Gaussian funtions predited by Eq. (29),
with only a slight asymmetry and more abrupt deay
of their outermost wings (Fig. 4). For strong pumping,
when the nonlinear interation length LNL beomes om-
parable or smaller than the rystal length L, the spetral
intensity proles begin to broaden and hange in shape
(Fig. 5) due to nonlinear modulation of the optial elds.
Still, within the range of the interation lengths studied
here (i.e. L/LNL ≤ 15), the Hermite-Gaussian approx-
imation for the several most strongly squeezed modes
works reasonably well. We expet this to be the ase
as long as the higher order terms in the phase mismath
expansion (21) are negligible. In the ase of BBO, this
ondition is satised for τp, τs ≫ 10 fs.
In order to haraterize the hange in the mode
widths, we tted the numerially obtained spetral in-
tensities |ψn(ω)|2 with the Gaussian-Hermite approxima-
tions Eq. (29) for eah LNL and n, treating the harater-
isti time τs as a free parameter. We found this param-
eter to deviate from the onstant 20 fs value predited
by Eq. (30), and, as evidened by Fig. 6, to depend on
both the mode number and the pumping strength. In the
weak pumping regime, τs ≈ 15 fs for n = 0 and redues
by about 3% for eah subsequent mode, and is indepen-
dent from LNL. For stronger pumping (LNL >∼ 1), τs falls
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tral intensities |ψn(ω)|
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of the dominant three
modes n = 0 (solid line), n = 1 (dashed line), and n = 2
(dotted line) for LNL = 100 mm.
FIG. 5: Spetral intensity and phase of the maximally
squeezed mode ψ0(ω) for LNL = 100 mm (solid and dashed-
dotted line respetively) and LNL = 1/15 mm (dashed and
dotted lines). For the ase studied, the input modes are om-
plex onjugate to output modes, φ0(ω) = ψ
∗
0(ω).
quikly with the inreasing pumping strength.
As expeted, we found the spetral phases of the in-
put and the output modes to have opposite signs with
virtually equal absolute values. For strong pumping, the
phase prole also beomes atter for shorter interation
lengths LNL, as illustrated in Fig. 5. Thus in the intense
generation regime we an no longer attribute the spetral
phase of the modes to linear dispersive propagation. All
these eets mean that the features of multimode squeez-
ing beome more fragile ompared to the single-pair gen-
eration ase. Thus the exat modal harateristis need
to be arefully taken into aount when manipulating or
deteting strongly squeezed light.
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FIG. 6: Duration of the dominant squeezed modes τs,0 (solid
line), τs,1 (dashed line) and τs,2 (dotted line) as a funtion
of 1/LNL, obtained by tting Hermite-Gauss proles from
Eq. (29) to numerial results.
V. HOMODYNE DETECTION
Homodyne detetion is a fundamental diagnosti
and measurement tehnique in appliations of squeezed
states for quantum-enhaned metrology and ontinuous-
variable quantum information proessing. It is a diult
measurement beause of the eletroni noise, losses in the
paths of the squeezed beams and nonideal mode mathing
between squeezed eld and loal osillator whih denes
the measured quadrature. This setion is devoted to a
detailed study of the latter issue, and the modal deom-
position of a parametri amplier introdued in Se. II
provides a natural framework for its disussion.
We will onsider an unseeded optial parametri am-
plier followed by a balaned homodyne detetor with
the loal osillator (LO) pulse prepared in a ertain
shape haraterized by the mode funtion ψ
LO
(ω). The
quantity of interest is the measured quadrature noise.
The analysis is straightforward in the partiular ase
when the loal osillator employed in the homodyne mea-
surement is prepared in one of the harateristi modes
ψ
LO
(ω) = ψn(ω). This hoie of the LO means that we
are listening only to one of the independently squeezed
harateristi modes of the amplier, whose evolution is
given by Eq. (11). For vauum input, this mode evolves
into a squeezed vauum state with the squeezing param-
eter equal to ζn. Thus the deteted mean square quadra-
ture noise 〈Q2n,θ〉 as a funtion of the LO phase θ is equal
to [38℄:
〈Q2n,θ〉 =
1
4
(e2ζn sin2 θ + e−2ζn cos2 θ). (32)
In partiular, the produt of the maximum 〈Q2+〉 =
e2ζn/4 and the minimum 〈Q2−〉 = e−2ζn/4 quadra-
ture noise will be the same as for the vauum state
9〈Q2+〉〈Q2−〉 = 1/16  the minimum value allowed by the
Heisenberg unertainty relation.
In the general ase of an arbitrary LO pulse shape we
an alulate the quadrature noise level by deomposing
ψLO(ω) in the basis of the harateristi output modes
of the amplier:
ψLO(ω) =
∞∑
n=0
Mne
iθnψn(ω), (33)
where Mn and θn are real numbers and we have as-
sumed that the spetral amplitude ψLO(ω) is normalized
to unity. It is important that the quantum quadrature
utuations of dierent harateristi modes are inde-
pendent beause the mutually unorrelated modes bˆinn
independently evolve into bˆoutn . Thus, using the loal os-
illator of the form (33), we measure a sum of noise on-
tributions from the quadratures 〈Q2n,θn〉 weighted with
M2n:
〈Q2LO〉 =
∞∑
n=0
M2n
4
(e2ζn sin2 θn + e
−2ζn cos2 θn) (34)
In general, the above expression ombines ontributions
from both squeezed and antisqueezed quadratures. How-
ever, if all the phases θn are equal, we an always bring
them to 0 by introduing an additional phase delay in
the LO arm. Then the minimum quadrature noise that
an be observed is below the shot noise limit:
〈Q2−〉 =
∞∑
n=0
M2n
4
exp(−2ζn) ≤ 1
4
. (35)
The ondition of equal phases θn an be easily realized in
the single pair generation regime, beause all the output
modes Eq. (29) bear the same spetral phase assoiated
with the linear propagation in the waveguide. Thus for
an unhirped loal osillator with an arbitrary intensity
spetrum ILO(ω) we an optimize the amount of deteted
squeezing by making its phase equal to the phase a-
quired by the squeezed eld during propagation through
a rystal of length L/2:
ψLO(ω) =
√
ILO(ω) e
ik(ω)L/2 . (36)
Let us note that if some of the squeezing parameters
ζn are equal  for onreteness let us take ζ0 and ζ1
 then any loal osillator whih is in a phase loked
superposition of the orresponding modes ψLO(ω) =
M0ψ0(ω)+M1ψ1(ω) with realM0 andM1 will enable the
detetion of the same minimum quadrature noise equal
to 〈Q2−〉 = exp(−2ζ0)/4 = exp(−2ζ1)/4. For the weak
pumping regime, several largest ζn are indeed approxi-
mately (albeit not exatly) equal, as shown in Fig. 3. As
a result, we have a substantial freedom in hoosing the
the loal osillator mode among various linear ombina-
tions of primary squeezing modes without aeting the
detetion eieny.
When the squeezing beomes more intense, the hoie
of the loal osillator mode beomes more and more riti-
al in order to detet squeezing. This is easily seen in the
standard single-mode ase desribed by Eq. (32), as even
a small deviation from θ = 0 adds a signiant amount
of noise from the antisqueezed quadrature. In the ase
of the loal osillator distributed over several harateris-
ti output modes of the amplier, detetion of squeezing
requires aurate ontrol of eah of the terms in its de-
ompositon (33). This is illustrated with Fig. 7, depiting
the observed squeezing for various nonlinear interation
lengths LNL, based on the numerial results of setion IV.
The squeezing is alulated as a funtion of the inverse
bandwidth τLO of the loal osillator pulse, assumed to
have a Gaussian spetral intensity prole with a phase
satisfying Eq. (36):
ψLO(ω) =
√
τ
π1/4
exp
(
−ω
2τ2LO
2
+ i
L
2
k(ω)
)
. (37)
It is seen that in the single-pair generation regime, when
L/LNL ≪ 1, the squeezing is deteted for a broad range
of loal osillator lengths. The loal osillator duration
τLO an thus be swept approximately from the inverse
bandwidth of the downonversion light ∆−1 ≃ 4 fs to
the inverse of the spetral width of orrelations between
the two photon in a pair δ−1 ≃ 50 fs.
This result permits a physial interpretation of down-
onversion in the time-domain piture. The two photons
in a pair an be born at any moment in time within the
duration of the pump pulse smeared by a dierene
of the group veloities between pump and signal pulses
β1,p − β1 [see Eq. (27a)℄, i.e. within the time interval
1/δ. If the LO pulse of a longer duration is hosen, it
is known a priori to ontain modes into whih no pho-
tons have been emitted, thus entailing ineient dete-
tion. The existene of the upper limit ∆ to the loal
osillator bandwidth is explained by the nite length of
the down-onversion rystal. Due to the group veloity
dispersion (whih limits the down-onversion spetrum),
single-photon wavepakets propagating through the rys-
tal diverge in time by ∆−1. If the loal osillator pulse
is hosen too short, it may happen that one photon in
a pair is registered within the loal osillator mode, but
the other one arrives either sooner or later, also leading
to a redution in detetion eieny.
As seen in Fig. 7, when the pumping intensity in-
reases, reduing LNL, the hoie of the LO duration τLO
beomes more and more ritial and nally, due to the
mismathed spetral phase, no hoie of τLO mathes the
most strongly squeezed harateristi mode. Moreover,
it turns out that using an LO pulse signiantly longer
than the fundamental squeezed mode is favorable. This
eet appears paradoxial, beause the squeezing modes'
harateristi time in fat redues with stronger pumping
(Fig. 6), but it an be explained as follows. Numerial
alulations show that for τLO ≃ τs the deomposition
(33) ontains about a 2% ontribution from modes with
odd n, as shown in Fig. 8. We found that for small n,
10
FIG. 7: Minimum quadrature noise deteted using the lo-
al osillator given by Eq. (37) of duration τLO for nonlinear
lengths LNL = 1 mm (dotted line), LNL = 1/2 mm (dashed-
dotted line), LNL = 1/3 mm (solid line), and LNL = 1/4 mm
(dashed line).
orresponding to the most strongly squeezed modes, the
phases in the deomposition in Eq. (33) follow approx-
imately the rule θn ≃ nπ/2. Consequently the modes
with odd n, despite having only a minor ontribution to
LO shape, build up altogether signiant noise, as we are
observing their noisy quadratures, desribed in Eq. (34)
by terms proportional to eζn . For τLO ≃ 2τs, on the other
hand, even though many more modes ontribute to the
LO deomposition in Eq. (33), they are predominantly
even with equal phases θn ≃ 0. Aording to our simu-
lations, the loss of squeezing at high pumping intensities
is present valid even if we allow more general LO pulse
shapes with a Gaussian spetral prole and an arbitrary
quadrati phase.
The quadrature noise observed in homodyne detetion
of multimode squeezed light is similar to that of a single-
mode squeezed state with an ineient detetor in that
it does not exhibit minimum unertainty: 〈Q2+〉〈Q2−〉 >
1/16. In the latter ase, the eieny of the detetor an
be alulated as follows:
η =
−16〈Q2+〉〈Q2−〉+ 4〈Q2+〉+ 4〈Q2−〉 − 1
4〈Q2+〉+ 4〈Q2−〉 − 2
. (38)
It is sometimes useful to express the quality of mul-
timode squeezed light in terms of the eieny alu-
lated aording to the above relation. In Fig. 9, we plot
this quantity for a loal osillator of the shape given by
Eq. (37), as a funtion of the LO pulse duration, for
several squeezing strengths. We observe the same gen-
eral behavior as in Fig. 7. In the single-pair generation
regime, high-η squeezing detetion is possible in a broad
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FIG. 8: Squared oeients M2n for the deomposition of
a loal osillator pulse given by Eq. (37) into harateris-
ti squeezing modes aording to Eq. (33), for the nonlin-
ear length LNL = 1/2 mm and τLO = 15 fs (blak bars),
τLO = 30 fs (grey bars), and τLO = 50 fs (empty bars). Note
the logarithmi sale on the vertial axis.
FIG. 9: Quantum eieny η of deteting squeezing dened
in Eq. (38) as a funtion of the loal osillator duration τLO
for nonlinear lengths LNL = 1mm (solid line), LNL = 1/2 mm
(dashed line), LNL = 1/3 mm (dashed-dotted line), and
LNL = 1/4 mm (dotted line). The thin dashed line repre-
sents the result of the Gaussian approximation.
span of LO modes within the interval 1/∆ ≤ τLO ≤ 1/δ;
as the pumping intensity is inreased, the hoie of LO
beomes a lot more ritial.
Most existing experiments on pulsed squeezing derive
the loal osillator from the master laser whose seond
harmoni serves as a pump for the down-onversion. A-
11
ording to Figs. 7 and 9, this is not always the best strat-
egy. In the weak pumping regime, the highest eieny
is ahieved for the LO pulse duration of τs, whih is usu-
ally muh shorter than the fundamental pulse width (30).
With inreasing squeezing strength, the optimal LO pulse
width inreases.
Combining these onsiderations allows one to math
the parameters of the setup, suh as the duration of the
fundamental and seond-harmoni pulses, as well as the
harateristis of the down-onversion rystal, in order to
reah the optimum detetion of squeezing.
VI. CONCLUSIONS
In summary, we have analyzed the spetral properties
of pulsed squeezed light generated by means of single-pass
optial parametri amplier. The main tool in our anal-
ysis was the Bloh-Messiah deomposition of the Green
funtions desribing the parametri down-onversion pro-
ess. This deomposition allowed us to identify the har-
ateristi squeezing modes, whih provide a simple way
of desribing quantum statistial properties of the multi-
mode output eld.
We have developed an analytial model desribing the
perturbative regime of single pair generation L/LNL ≪ 1,
when the nonlinear interation length LNL substantially
exeeds the rystal length L. The model yielded an ap-
proximate form of the squeezing modes as well as their
harateristi time sale. In this regime, high-eieny
squeezing expands over a broad range of pulsed modes
temporally synhronized with the pump pulse. Some of
the results of the analytial model, suh as the mode
shapes, remain qualitatively valid also beyond the per-
turbative limit.
For the multiple-pair generation ase we have pre-
sented realisti numerial alulations of the harateris-
ti modes of a parametri amplier, in whih pure squeez-
ing is present. Beyond the perturbative regime, the mode
funtions depend on the pumping intensity, inluding the
hange in their spetral phases. As with inreasing para-
metri gain the utuations in antisqueezed quadratures
grow exponentially, it beomes more diult to elimi-
nate their parasiti ontribution to the observed homo-
dyne noise. Therefore, one needs preise tailoring of the
loal osillator mode, inluding both its amplitude and
its phase, if substantial squeezing is to be observed.
The multimode harater of the output eld generated
by an optial parametri amplier has important on-
sequenes when onsidering quantum information appli-
ations based on ontinuous variables, suh as quantum
ryptography. For example, if a quantum ommunia-
tion protool involves modulating squeezed light, are
must be taken to ensure that only the mode deteted at
the reeiving station experienes modulation. Otherwise
other modes might arry the same signal and ould be
deteted by a third party without ausing any observable
disturbane. Furthermore, if the quadrature utuations
deteted by the legitimate user remain above the min-
imum unertainty limit, this implies that the observed
mode was orrelated with other undeteted modes whih
again ould be used to gain information by a third party.
The multimode nature of pulsed squeezing also needs to
be taken into aount is quantum state engineering om-
bining disrete- and ontinuous-variable methods, suh
as preparation of squeezed single-photon states [20, 39℄,
Shrödinger ats [40℄, and entanglement puriation [41℄.
When multimode squeezing is undesired, it an be pre-
vented by hoosing down-onversion onguration with
unentangled biphoton spetrum [35, 42, 43℄.
Let us also note that the deomposition of the output
of the parametri proess into harateristi squeezing
modes enables a straightforward analysis of the result
of ombining two squeezed beams on a balaned beam
splitter. It is well known that in the single-mode piture,
suh a proedure yields a pair of twin beams [5℄. In the
realisti ase, if the two inident squeezed beams are gen-
erated by idential parametri amplies, they will om-
prise the same harateristi squeezing modes perfetly
mathed pair-wise. Consequently, ombining them on a
beam splitter will yield multimode twin beam sets whih
exhibit minimum-unertainty quadrature orrelations in
the harateristi modes of the squeezers.
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APPENDIX A: ANALYSIS IN THE
INTERACTION PICTURE
The evolution of the quantum state of light while prop-
agating through the rystal follows:
∣∣ψoutI 〉 = T exp

−i
L/2∫
−L/2
VˆI(z)dz

 ∣∣ψinI 〉 , (A1)
where the subsript I denotes the interation piture and
T denotes z-ordering, analogous to standard time or-
dering. The three-wave mixing Hamiltonian (7) an be
rewritten in the interation piture as
VˆI(z) =
1
2LNLE0
∫
dω dω′ (A2)
×[iei∆kzEp(ω′ + ω)aˆ†(ω)aˆ†(ω′) + H.c.],
where ∆k is given by Eq. (20). In the weak onversion
limit, when only the rst order of the perturbation theory
12
is relevant, we an neglet the z-ordering and obtain
∣∣ψoutI 〉 = e 12 ∫ dωdω′ΨI (ω,ω′)[aˆ†(ω)aˆ†(ω′)−aˆ(ω)aˆ(ω′)] ∣∣ψinI 〉 ,
(A3)
where the integration kernel
ΨI(ω, ω
′) =
LEp(ω + ω
′)
LNLE0
sinc
L∆k
2
determines the frequeny orrelations of photons in a
down-onverted pair. In the weak exitation limit with
the vauum input, the output state takes the form:
∣∣ψoutI 〉 = |0〉+ 12
∫
dωdω′ΨI(ω, ω
′) |1ω, 1ω′〉 . (A4)
In the Shrödinger piture, the output state aquires
an additional optial phase:
ΨS(ω, ω
′) = ΨI(ω, ω
′)ei[k(ω)+k(ω
′)]L/2. (A5)
We reover Eq. (23) from Eqs. (19), (A4), and (A5).
Note that the biphoton spetrum an be diagonalized
aording to Eq. (14)
ΨS(ω, ω
′) =
∞∑
n=0
ζnψn(ω)ψn(ω
′). (A6)
and the output state an be rewritten as follows:
∣∣ψoutS 〉 = |0〉+ 12
∞∑
n=0
ζn(bˆ
out †
n )
2 |0〉 , (A7)
where the bˆn's represent individual squeezing eigenmodes
(10). As we see, the problem of nding the harareris-
ti modes of a squeezer in the weak pumping limit is
equivalent to deomposing the biphoton spetrum into
unorrelated omponents.
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